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Energy levels of an impurity atom and its binding energy in a quantum dot with or without electron-phonon
interactions are obtained by the second-order perturbation theory. The dot is confined laterally by a parabolic
potential in quantum-well structures. The energy correction is expressed as a function of the strength of lateral
confinement, the applied magnetic field, and the thickness of the quantum dot in question. It is shown that the
binding energy depends sensitively on the thickness if it is of the order of the polaron size or less. In the case
of thicker quantum dots, the finite thickness reduces the binding energy by approximately 10%.
@S0163-1829~97!03047-6#The rapid advances of nanofabrication technology have
made it possible to work with quasi-zero-dimensional quan-
tum dots in laboratories. Such systems are of great interest in
fundamental studies because of the completely discrete elec-
tronic states, as well as in practical applications for micro-
electronic devices because of their design flexibility. Conse-
quently there has been a large amount of work, both
experimental1–7 and theoretical,8–13 on quantum dots of ma-
terials such as GaAs/GaxAl12xAs compounds. One of the
major concerns in such systems is the impurity states, which
have attracted extensive attention in recent years.1–3,8,9
In theoretical studies, the quantum dot is usually assumed
to be either a sphere or a dot confined laterally by a parabolic
potential in a plane normal to the growth direction in a quan-
tum well. The spherical model may be easier to solve theo-
retically because of its high symmetry but can be very diffi-
cult to fabricate. The description of the lateral confinement
by parabolic potentials is, in this sense, more realistic. As a
matter of fact, the harmonic potential confinement has been
successfully applied to account for many experiments such
as far infrared spectroscopy,1–3 capacitance,4 and transport5,6
measurements. The influence of external magnetic fields on
the impurity states has also been investigated.
There exist numerous works that have demonstrated the
significant influence of electron-phonon interactions on the
electronic, optical as well as transport properties of micro-
structures such as quantum wells,14–21 quantum wires,22–25
and quantum dots.10,26 However, the thickness of laterally
confined quantum dots is generally ignored and the system is
approximated as a two-dimensional ~2D! problem in the lit-
erature. We study in this paper the thickness dependence of
the binding energy of an impurity bound polaron in a para-560163-1829/97/56~23!/14913~4!/$10.00bolic confined quantum dot of finite thickness L . An external
magnetic field BM5(0,0,BM) is applied in the growing di-
rection of the quantum well.
Consider a quantum dot confined by a square well in the z
direction and a harmonic potential in the xy plane. The im-
purity atom is situated at the origin. The Hamiltonian of an
electron in the dot takes the form
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where me stands for the electron band mass, p and r
5(r,z) are the momentum and position of the electron, and
v0 is a parameter characterizing the confinement strength in
the xy plane. The vector potential is taken as A5
(2 12 BMy , 12 BMx ,0). The operator ak†(ak) creates ~annihi-
lates! a longitudinal optical ~LO! phonon of frequency vLO
and wave vector k5(k,kz). The potential
V~z !5 H 0,` , uzu<L/2uzu.L/2 ~2!
and the electron-phonon coupling
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For convenience, we adopt the operator algebra intro-
duced by Larsen27 to describe electron motion in the xy
plane. Thus,
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where b252eBM /c , with the velocity of light c . Using the
Fourier expansion
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we can rewrite the Hamiltonian as
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where we have defined the operators
L j5expHA\b @~ j x1i j y!A2~ j x2i j y!A†#J , j5k ,Q ,
~7a!
M j5expHA\b @~ j x2i j y!B2~ j x1i j y!B†#J , j5k ,Q
~7b!
with the cyclotron frequency vc5b2/2me and t5v0 /vc .
For weak electron-phonon coupling materials such as
III-V compounds, the last term in Eq. ~6! can be treated as a
perturbation. In the low-temperature limit, no phonon is ex-
cited and we may write the unperturbed state as
uC&5 f ~z !~n!m! !21/2~A†!nu0&A~B†!mu0&Bu0k&, ~8a!
f ~z !5A2/Lcos~ lpz/2!, l51,3,5, . . . . ~8b!
It is not difficult to find that the unperturbed energy levels
are
El ,n ,m
~0 ! 5~n11/2!\vc1\2~ lp!2/2meL21~n1m11 !\v0t
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where the quantum number n is for the Landau levels, m for
the z component of the angular momentum, and l for the
subband in the z direction. The polaron radius is r0
5A\/2mevLO, l 5L/r0 and l25vc /vLO . The energy cor-
rection due to LO-phonon interactions can be found bysecond-order perturbation theory. The calculation is tedious
but straightforward and we only present the result here,
namely,
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Combining the above results, we find the energy levels of
a polaron bound to an impurity atom at the origin
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The first term in Eq. ~11! is the Landau level. The second
represents subbands in the z direction. The third term stands
for the energy correction due to the parabolic confinement in
magnetic fields and the fourth term is the Coulomb binding
due to the impurity center. The last term represents the
second-order energy correction due to LO phonon modes. If
Ee denotes the electron energy level in the quantum dot
without any impurity, then the binding energy is given by
Eb5Ee2El ,n ,m5
e2
«`L
F1~ l ,l2!1a\vLOF2~ l ,t ,l2!.
~12!
Equation ~12! expresses the binding energy for every state
(l ,n ,m) as a function of the magnetic field l2, the lateral
confinement t, and the quantum dot thickness l . In the limit
of strong magnetic field l2!` and zero thickness, the
second-order energy correction reduces to
DEs
~2 !52
Ap
2 al\vLO . ~13!
In the weak field and zero thickness limit, we have exp
@2l2(11t)t#'12l2(11t)t and find from Eq. ~10! the ex-
pression
DEw
~2 !52pa\vLO/2A11t . ~14!
As an illustration, we calculate the binding energy of an
impurity atom with and without the electron-phonon interac-
tion in a realistic sample GaAs for which a50.068, \vLO
536.25 meV, and me50.067m0 ,28 where m0 is the electron
bare mass. Generally speaking, the electron-phonon interac-
tion increases the binding energy by about 5% in every case.
In Fig. 1, the dependence of Eb on the applied magnetic field
is plotted for a quantum dot of thickness l 50.5. The bind-
ing energy increases generally with increasing field. In the
strong field regime, namely, when l2>1 for which the cy-
clotron frequency vc>vLO , it is observed that the binding
energy is increasing at a much higher rate than in the weak
56 14 915BRIEF REPORTSfield region l2,1. This is not really surprising because the
magnetic field not only adds extra binding to the orbiting
electron, it also enhances the electron-phonon coupling as
has been indicated in a previous study.29 The thickness de-
pendence of Eb is shown in Fig. 2 for a fixed field l2
50.1. It is clearly observed that the binding energy depends
sensitively on the quantum dot thickness for L<r0;50 Å.
In other words, when the confinement in the z direction be-
FIG. 1. Binding energy as a function of the applied magnetic
field for an impurity bound electron in a quantum dot confined
laterally by a parabolic potential, l51, l 50.5, and g50.5. The
solid line includes the electron-phonon interaction and the dashed
line does not.comes strong or when the thickness is of the order of the
polaron size or smaller, measurements as well as calculations
of properties involving impurity energies cannot ignore the
thickness of the quantum dot.
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FIG. 2. Binding energy as a function of the thickness of the
laterally confined quantum dot with l51, l250.5, and g50.5. The
solid line includes the electron-phonon interaction and the dashed
line does not.*Mailing address.
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